Abstract. The multiplier spectral curve of a conformal torus f : T 2 → S 4 in the 4-sphere is essentially [3] given by all Darboux transforms of f . In the particular case when the conformal immersion is a Hamiltonian stationary torus f : T 2 → R 4 in Euclidean 4-space, the left normal N : M → S 2 of f is harmonic, hence we can associate a second Riemann surface: the eigenline spectral curve of N , as defined in [16] . We show that the multiplier spectral curve of a Hamiltonian stationary torus and the eigenline spectral curve of its left normal are biholomorphic Riemann surfaces of genus zero. Moreover, we prove that all Darboux transforms, which arise from generic points on the spectral curve, are Hamiltonian stationary whereas we also provide examples of Darboux transforms which are not even Lagrangian.
Introduction
A submanifold X of a real 2n-dimensional symplectic manifold (Y 2n , ω) is defined to be Lagrangian if it is isotropic with respect to the symplectic non degenerate form ω and its dimension is maximal, that is dim X = n. If furthermore Y is equipped with a Riemannian metric (in particular if Y is Kähler), a quite natural question is to ask what are the area-minimizing Lagrangian submanifolds. In 1993 Oh [20] (after previous work of Chen-Morvan [10] ) introduced a further variational problem intertwining Riemannian and symplectic geometry: A Hamiltonian variation is given by a compactly supported vector field Z such that Z ω is an exact 1-form, and a Lagrangian submanifold is called Hamiltonian stationary if it is a critical point of the area functional with respect to all Hamiltonian variations. If Y is Kähler-Einstein, a S 1 -valued function e iβ can be defined along the submanifold X, and β is called the Lagrangian angle of X. It turns out that a submanifold X is Hamiltonian stationary if and only if β is harmonic.
In this paper we investigate immersions f : M → C 2 of a Riemann surface M into complex 2-space C 2 whose images X = f (M ) are Hamiltonian stationary surfaces in C 2 . Even in this simplest non trivial case Hamiltonian stationary surfaces display a rich geometry. While no sphere can exist because of the harmonicity of β, there exist tori, e.g. the Clifford torus S 1 × S 1 , and more non-trivial examples were introduced in [8] , [1] , [9] , [7] , [15] . In [15] it is also shown that all Hamiltonian stationary Lagrangian tori f : T 2 → C 2 are given by Fourier polynomials, and are in this sense completely described. On the other hand, since a Hamiltonian stationary torus f : T 2 → C 2 is given by a harmonicity condition we expect to see a spectral curve description of f when introducing a spectral parameter. In fact, it is possible to describe Hamiltonian stationary tori in terms of a spectral curve [15] , [14] , [18] but the construction shows a surprising singular behavior. There are further notions of a spectral curve associated with a conformally immersed Hamiltonian stationary torus: a conformal immersion f : M → R 4 of a Riemann surface M into Euclidean 4-space induces a complex structure J on the trivial H bundle H = M × H which is harmonic in the case of a Hamiltonian stationary immersion. In particular, one can define [22] , [16] , [12] , a C * -family of complex flat connections d µ on the trivial C 2 bundle over M . In the case when M = T 2 is a 2-torus, the set Eig of eigenvalues of the holonomy of d µ is analytic, and the (eigenline) spectral curve Σ e of the harmonic complex structure J is defined as the normalization of Eig.
On the other hand, for every conformal immersion f : T 2 → S 4 of a 2-torus T 2 = C/Γ into the 4-sphere the (multiplier) spectral curve is defined [3] , see also [13] , [21] : the complex structure J on H gives a quaternionic holomorphic structure on H by D = d ′′ where d is the trivial connection on H and d ′′ denotes the (0, 1)-part of d with respect to the complex structure J. We denote by H the pullback of the trivial bundle under the projection C → C/Γ, and by H 0 h ( H) the set of holomorphic sections ϕ ∈ Γ( H) with multiplier h ∈ Hom(Γ, C * ), that is Dϕ = 0 and γ * ϕ = ϕh(γ) for all γ ∈ Γ. The multiplier spectral curve Σ of a conformal torus f is defined as the normalization of the set of all multipliers of holomorphic sections. For a generic multiplier h ∈ Σ the space of holomorphic sections H 0 h ( H) with multiplier h is 1-dimensional. The lines L h = H 0 h ( H) extend smoothly to a line bundle, the kernel bundle, over Σ. Moreover, the prolongation of a holomorphic section ϕ ∈ H 0 h ( H) with multiplier h defines a conformal torusf : T 2 → S 4 which is geometrically a Darboux transform of f . Vice versa, every closed Darboux transform gives a holomorphic section with multiplier. In particular, the spectral curve Σ of a conformal torus f is essentially given by the set of all closed Darboux transforms of f .
The purpose of this paper is to study the geometry of Darboux transforms of a Hamiltonian stationary torus f : T 2 → R 4 and the relationship between the multiplier and eigenline spectral curve of f : since in this case the complex structure J, which is induced by f on H, is harmonic and takes values in a unit circle, it is possible to describe the set of multipliers explicitly in terms of the lattice Γ with T 2 = C/Γ and the Lagrangian angle β of f . From this, we get an explicit description of all holomorphic sections with multiplier. In particular, for a generic multiplier h every holomorphic section α ∈ H 0 h ( H) is given by a Fourier monomial. Furthermore, this description also yields a conceptual proof of the result of [15] that every lattice Γ and β 0 ∈ Γ * uniquely prescribes a family of Hamiltonian stationary tori with Lagrangian angle β = 2π β 0 , . provided that β 0 satisfies a nondegeneracy condition; this follows since all Hamiltonian stationary torif : T 2 → R 4 with Lagrangian angle β are holomorphic sections with trivial multiplier. The family of Hamiltonian stationary tori with the same Lagrangian angle is therefore obtained by projection of a holomorphic curve in HP k to HP 1 where k = dim H H 0 (H) is the dimension of the space of holomorphic sections.
We call holomorphic sections which are given by a Fourier monomial, and the associated Darboux transforms, monochromatic. We show that all monochromatic Darboux transforms of a Hamiltonian stationary torus are again Hamiltonian stationary, and that in this case the Lagrangian angle is, up to reparametrization, preserved. The space of holomorphic sections with a given multiplier is generically complex 1-dimensional, and only at multiplier with high-dimensional space of holomorphic sections polychromatic holomorphic sections may occur. In particular, for all but a finite set of multipliers, we see that the associated Darboux transforms are Hamiltonian stationary. Discussing the example of homogeneous tori and Castro Urbano tori, we show that there exist however families of non-Lagrangian, polychromatic Darboux transforms, each family associated with a multiplier with high-dimensional space of holomorphic sections.
On the other hand, the family of flat connections d µ on the trivial C 2 -bundle gives rise to a subset of Darboux transforms, the so-called µ-Darboux transforms, since it turns out that every parallel section of d µ is indeed holomorphic. We show that all (even local) µ-Darboux transforms of a Hamiltonian stationary immersion f : M → R 4 have harmonic left normal and are thus constrained Willmore. Furthermore, we see that in the case of a Hamiltonian stationary torus M = T 2 , all µ-Darboux transformsf : T 2 → R 4 are given by monochromatic holomorphic sections, and thus are Hamiltonian stationary. Conversely, every monochromatic holomorphic section α with multiplier gives rise to a unique µ ∈ C * such that d µ α = 0. In particular, this correspondence induces a biholomorphism from the eigenline spectral curve to the multiplier spectral curve. This way, we see that the multiplier spectral curve can be compactified to a connected Riemann surface of genus zero. Though the normalizations of the multiplier spectral curve and the spectral curve in [18] are related this also shows that they do not coincide. However, the original harmonic complex structure and the conformal torus can already be recovered from the spectral curve Σ and its kernel bundle by appropriate limits as µ → ∞.
Holomorphic sections with multiplier
To discuss the multiplier spectral curve of a Hamiltonian stationary torus we briefly recall the general construction for conformal tori [3] : In the following we will identify a conformal immersion f : M → S 4 with the quaternionic line subbundle L ⊂ V of the trivial H 2 bundle V = H 2 whose fibers are L p = f (p) ∈ HP 1 for p ∈ M . All quaternionic vector spaces are here, and in what follows, quaternionic right vector spaces. Since f is a immersion, the derivative δ = πd| L of f has no zeros where d is the trivial connection on V , and π : V → V /L is the canonical projection. In particular, the conformality of f defines [12, Section 2.5] a complex structure J ∈ Γ(End(V /L)),
The complex structure J and the trivial connection d on V induce [3] a quaternionic holomorphic structure
, that is πφ = ϕ. Moreover, we denote by
the (1, 0) and (0, 1)-part of a 1-form ω ∈ Ω 1 (E) with values in a complex vector bundle (E, J). Note that D is independent of the choice ofφ since π(dψ) ′′ = (δψ) ′′ = 0 for all ψ ∈ Γ(L) by (2.1). We call ϕ ∈ ker D a (quaternionic) holomorphic section, and denote by H 0 (V /L) = ker D the space of holomorphic sections. Furthermore, we write V /L for the pullback of V /L under the projectionM → M of the universal coverM to M .
Definition 2.1 (see [3] ). If ϕ ∈ H 0 ( V /L) with γ * ϕ = ϕh γ and h γ ∈ H * for all γ ∈ π 1 (M ), then we call h : π 1 (M ) → H * the multiplier of the holomorphic section ϕ. We denote by H 0 h ( V /L) the set of holomorphic sections with multiplier h.
If M = T 2 is a 2-torus with lattice Γ the image of h : Γ → H * lies in an abelian subgroup of H * . By scaling ϕ with a quaternion we may thus assume that h takes values in C = Span{1, i}. If f has zero normal bundle degree the set of multipliers
is a 1-dimensional analytic variety, and the normalization of Spec is a Riemann surface Σ with at most two connected components, each containing a point at infinity, and with possible infinite genus. The normalization Σ of Spec is called the multiplier spectral curve of the conformal torus f :
with multiplier h, we see that h ∈ Spec implies ρ(h) :=h ∈ Spec. In fact, ρ is induced by a fixed point free real structure ρ on the multiplier spectral curve Σ.
Moreover, there is a complex holomorphic line bundle L defined over the multiplier spectral curve, the so-called kernel bundle: at a generic point h ∈ Σ the space of holomorphic sections with multiplier h is 1-dimensional, and defines a complex line
The lines L h extend smoothly into points on the multiplier spectral curve with highdimensional space of holomorphic sections, and thus define a holomorphic line subbundle L of the trivial Γ( V /L) bundle over Σ. If Σ has finite genus, then Σ can be compactified and L extends smoothly to the compactified spectral curveΣ. Moreover, the line bundle L is compatible with the real structure ρ that is ρ * L = Lj.
We now turn to the case when f : T 2 → R 4 is a conformal immersion into the 4-space with Gauss map (N, R) :
If we identify the Euclidean 4-space R 4 = H with the quaternions then S 2 = {n ∈ Im H | n 2 = −1} and the left normal N and the right normal R satisfy * df = N df = −df R .
We consider a conformal immersion f : M → R 4 as a map into S 4 = HP 1 via ψH : M → HP 1 where
In other words, the map ψH : M → S 4 becomes f : M → R 4 after the choice of the point ∞ = eH ∈ S 4 where e = 1 0 . In the case of a conformal immersion f : M → R 4 by evaluating δ on ψ we see that the complex structure J on V /L is given by Jπe = πeN where N is the left normal N of f . In what follows we identify V /L ∼ = eH via the quaternionic isomorphism π| eH : eH → V /L, e → π(e), and trivialize eH ∼ = H via the constant section e. In particular, H inherits the complex structure J ∈ End(H) which is given by left multiplication by N . Moreover, the holomorphic structure D on H is given by
We shall consider Lagrangian surfaces of R 4 = H where the complex structure on H, which determines the symplectic structure, is given by the left multiplication by j. In other words, we identify H = C ⊕ Ci where C = Span{1, j} so that the action of a unitary matrix
on C 2 corresponds to left multiplication with e jθ together with right multiplication by m + ni on H: 
where we use the convention that * dz = * (dx + idy) = idz = −dy + idx. Conversely, if f : M → R 4 is a conformal (branched) immersion with left normal N = e jβ i with β : M → R then df satisfies (2.3) for some g : M → H, and thus f is a Lagrangian immersion. Since our interest are Hamiltonian stationary immersions from a 2-torus T 2 = C/Γ into R 4 , we will consider f : C → H as a Γ-periodic map. In particular, if f is Hamiltonian-stationary, then β is harmonic and we may assume, after possible change of the conformal coordinate z, that
where , is the scalar product in C ≃ R 2 and β 0 is in the dual lattice Γ * .
In the following we discuss the set of all multipliers of holomorphic sections in case of a Hamiltonian stationary torus. Recall that the multiplier takes values in any complex subspace of H since the image of h : Γ → H * is abelian. We choose this subspace to be C = Span{1, i} instead of C = Span{1, j} for purely computational reasons. In particular, for every h ∈ Spec there exists a pair (A, B) ∈ C 2 so that
Note that (A, B) is unique up to translation of B by elements of the dual lattice since
To find conditions on (A, B) for h A,B to be the multiplier of a holomorphic section α we rewrite the holomorphicity condition in terms of the gauged sectionα := e − jβ 2 α. In particular, using 
and we have to discuss for which (A, B) ∈ C 2 there exist complex valued 2Γ-periodic functionsũ,ṽ satisfying
Since σ = u + jv : T 2 → H is defined on the torus we have Fourier expansions
with u δ , v δ ∈ C. Abbreviating e δ (z) = e 2πi δ,z we obtain with (2.6) δ e δ ofũ andṽ with Fourier coefficientsũ δ ,ṽ δ ∈ C. Therefore, the gauged holomorphicity equations (2.10) can be written equivalently as
In particular, the vanishing of one of the Fourier coefficients implies the vanishing of the other since β 0 = 0. Forũ δṽδ = 0 the above equations imply
In particular, the condition that the set of admissible frequencies
is not empty is necessary for h A,B to be a multiplier of a holomorphic section.
Theorem 2.2.
A multiplier h ∈ Spec of a holomorphic section ϕ ∈ H 0 ( H) determines a unique pair (A, B) ∈ C 2 , up to translation of B by the dual lattice Γ * , with h A,B = h. Moreover, the set of multipliers of a Hamiltonian stationary torus f :
Proof. We already have seen that Spec ⊂ {h A,B | Γ * A,B = ∅}. To show equality, note that the frequencies δ withũ δṽδ = 0 are placed at the intersection of the circle C r (B) of radius 2 e it for some t ∈ [0, 2π), that is (2.14)
In particular, for δ ∈ Γ * 0,B we have
so that (2.9), (2.11), and (2.12) show that
is a holomorphic section with multiplier h 0,B . In particular, centered at B and a line going through B orthogonal to A, that is
By (2.13) we see that
and, if δ ± ∈ Γ * A,B , again (2.9), (2.11), and (2.12) together with
is a holomorphic section with multiplier h A,B , and
We call a holomorphic section α ∈ H 0 A,B monochromatic (respectively polychromatic) if α is given, up to the gauge, by a Fourier monomial (respectively by a Fourier polynomial with more than one frequency). As we have seen, any monochromatic holomorphic section is given by (a complex scale of)
2π A,· with δ ∈ Γ * A,B and (2.15), (2.17)
Since every multiplier h is given by h = h A,B for some pair (A, B) satisfying (2.13), we also obtain: Corollary 2.3. Every holomorphic section α ∈ H 0 h ( H) with multiplier h is given by
where h = h A,B ,ũ δ ∈ C, e δ−B (z) = e 2πi δ−B,z , and On the other hand, ζ = 2iA 1 +
with |ζ| > |β 0 |.
Lemma 2.5. Let f be a Hamiltonian stationary torus and h = h A,B ∈ Spec a multiplier of a holomorphic section with A = 0. Then the complex dimension of the space of holomorphic sections with multiplier h is at most 2, and dim H 0 A,B = 2 if and only if A is a double point that is
For A = 0 the situation is more complicated but we still obtain an upper bound for the dimension of the space of holomorphic sections with multiplier.
Theorem 2.6. For a Hamiltonian stationary torus, the space H 0 h ( H) of holomorphic sections with multiplier h is generically complex 1-dimensional, and its complex dimension is bounded by N where
is the number of points of the translated dual lattice
2 of radius |β 0 |. Moreover, there exists at least one multiplier h, namely the trivial multiplier, with The corresponding dimension k of the space of holomorphic section with multiplier h is k = 2 or k = 4, when 2 respectively 4 circles meet at B, and k = 1 for the remaining points. All points B with k > 1 are congruent modulo the dual lattice to one of the three blue points. This setting corresponds to a homogeneous torus, see Section 4.
Proof. In Theorem 2.2 we have seen that the set of multipliers of holomorphic sections is parametrized by pairs (A, B) with Γ * A,B = ∅. For A = 0 we see that the complex dimension of the space of holomorphic sections with multiplier h A,B is generically 1-dimensional since dim C H 0 A,B = 2, A = 0, occurs only for a discrete set of double points in C * . If A = 0, then by (2.14)
and we may assume without loss of generality that B = β 0 2 (1 + e it ) with t ∈ [0, 2π), and thus By (2.2) we see that 1 ∈ H 0 (H) and f ∈ H 0 (H) are quaternionic independent holomorphic sections with trivial multiplier. Since the space of holomorphic sections H 0 (H) is quaternionic, we thus have dim 2 are constant and f ∈ H 0 (H) the Hamiltonian stationary torus f is given up to rotation and translation by any holomorphic section α δ with δ ∈ Γ *
More generally, we can construct all Hamiltonian stationary tori with Lagrangian angle β:
Theorem 2.9 (see [15] ). If Γ * is a lattice with β 0 ∈ Γ * such that Γ * β 0 = ∅ then there exists a HP n -family of non congruent Hamiltonian stationary tori with Lagrangian angle β = 2π β 0 , given by
where c δ ∈ H, e δ (z) = e 2πi δ,z , n + 1 = dim H H 0 (H) and and −ke δ k = e −δ we have
Conversely, given a lattice Γ and a Lagrangian angle β = 2π β 0 , · , β 0 ∈ Γ * with Γ * β 0 = ∅, we can define a complex structure on the trivial bundle T 2 × H over the torus T 2 = C/Γ by left multiplication by N = e jβ i, and a holomorphic structure by D = d ′′ . In particular, every holomorphic section of D gives a conformal torus f : T 2 → H with left normal N = e jβ i, and thus f is Hamiltonian stationary. Since every holomorphic section with trivial multiplier is given by (2.20) and
we obtain this way a HP n -family of non congruent Hamiltonian stationary tori.
Remark 2.10. We have recovered the result of [14] without integration of df = e jβ 2 dzg. Moreover, the previous theorem shows that the family of Hamiltonian stationary tori with the same lattice Γ and Lagrangian angle β is obtained by projections of a quaternionic holomorphic curve F : C/Γ → HP k to HP 1 whose complex structure, cf. for example [17] , is given by N = e jβ i. A real multiplier h ∈ Spec, that is h γ =h γ for all γ ∈ Γ * , has a quaternionic space of holomorphic sections since
and in fact, real multipliers occur at the double points A: Corollary 2.12. A multiplier h ∈ Spec is real if and only if h = h A,B for a double point
is real if and only if
is a double point then we obtain from (2.16) that B = 
and L is compatible with the real structure ρ, that is ρ * L = Lj.
Summarizing the previous results we see that for a generic multiplier h = h A,B there is a 1-dimensional space of holomorphic sections. If we denote
where the multiplier h = h A,B has Γ * A,B = {δ} and λ A,δ−B is defined by (2.19)
Here we used that the expression δ − B is uniquely defined by h since Γ * A,B = Γ * A,B+ζ − ζ for all ζ ∈ Γ * . The map λ gives rise to the normalization of Spec: Proposition 2.14. There is a surjective map η : * → Spec with η(λ(h)) = h for all h ∈ Spec 0 . The pullback bundle η * L extends smoothly across λ(Spec \ Spec 0 ) ⊂ * .
Proof. For λ ∈ C * we define η(λ) := h A λ ,B λ where
Clearly, this extends to h ∈ Spec 0 with λ(h) ∈ S 1 , that is h = h A,B with A = 0, and thus A = A λ for all h ∈ Spec 0 , λ = λ(h). Using (2.19) we see
2 so that B = B λ mod Γ * , and η(λ(h A,B )) = h A,B . Finally, Corollary 2.3 shows that the line bundle η * L is well defined over C * .
We will see later that µ = 1 λ 2 is in fact (5.12) the spectral parameter of the harmonic map given by the left normal N of f .
Darboux transforms
In the previous section, we discussed all possible multipliers of holomorphic sections of the quaternionic holomorphic line bundle which is associated to a Hamiltonian stationary torus. Each holomorphic section with multiplier gives rise [3] to a conformal map, a Darboux transform of f . We quickly recall this construction, and show that the Darboux transforms of a Hamiltonian stationary torus which arise from monochromatic holomorphic sections are again Hamiltonian stationary.
Recall that a sphere congruence S : M → S 4 assigns to each point p ∈ M a 2-sphere S(p). If the sphere congruence S passes through a conformal immersion f : M → R 4 , that is f (p) ∈ S(p), and the Gauss maps of f and S(p) coincide at each point p ∈ M , then S is said to envelope f . A pair of conformal immersions f, f ♯ : M → R 4 such that there exists a sphere congruence S enveloping both f and f ♯ is called a classical Darboux pair. In this case, both f and f ♯ are isothermic [11] . More generally, a branched conformal immersion f : M → S 4 is called a Darboux transform of a conformal immersion f : M → S 4 if there exists a sphere congruence S on M enveloping f and left-envelopingf over immersed points. The enveloping conditions can be written in terms of complex structures on the trivial H 2 -bundle V over M :f is a Darboux transform of f if and only if there exists a complex structure S ∈ Γ(End(V )) such that L andL are S-stable and * δ = Sδ = δS and * δ = Sδ where δ andδ denote the derivatives of the line bundles L andL given by f andf respectively. Note that the global existence of S already implies thatf has only isolated branch points [12] . In the case, when f : M → R 4 maps to the Euclidean 4-space a sphere congruence S passing through f is left-enveloping f if the left-normals of f and S(p) coincide at each point p ∈ M . Lemma 3.1 (see [3] ). Every holomorphic section ϕ ∈ H 0 ( V /L) of the canonical holomorphic bundle of a conformal immersion f : M → S 4 has a unique liftφ ∈ Γ( V ) of ϕ such that Note that the prolongationφ has the same multiplier as ϕ so that, if ϕ has no zeros, f =φH : M → S 4 defines a map from the Riemann surface M into the 4-sphere which turns out to be a Darboux transform of f . In the case when ϕ has zeros, one obtains a conformal mapf away from the zeros of ϕ, which is again a Darboux transform on its domain. Such a mapf is called a singular Darboux transform. Conversely, every To compute the prolongation in terms of the trivialization, note that every nowhere vanishing holomorphic section α ∈ H 0 h ( H) with multiplier h defines a unique quaternionic flat connectiond on H by requiringdα = 0. Since α is holomorphic, that is * dα = N dα, we can writê
whereT : M → H is defined on M rather than on the universal coverM of M since α and dα have the same multiplier. 
In particular, if the Darboux transformf : M → R 4 associated to α maps into R 4 rather than S 4 , that is, ifT is nowhere vanishing, thenf = f + T : M → R 4 with T =T −1 .
Proof. One easily verifies thatφ satisfies (3.1). But then, ifT = 0, From (2.2) we know that Span H {1, f } ⊂ H 0 (H). In particular, if α ∈ H 0 (H) is constant the previous lemma shows thatφ = eα is the prolongation of ϕ = πeα. In other words, the Darboux transform given by α is the constant mapf = ∞. More generally, Corollary 3.5. If f : T 2 → R 4 is a conformal immersion and α ∈ Span H {1, f } ⊂ H 0 (H), then the Darboux transform of f given by α is a constant mapf = c with c ∈ H ∪ {∞}.
In particular, if the complex dimension of the space of global holomorphic sections is minimal, that is dim C H 0 (H) = 4, then every Darboux transform given by the trivial multiplier is constant. 
where the finite set
parametrizes the admissible frequencies and u t ∈ C are chosen so that the map
is nowhere vanishing. Here we again use e δ (z) = e 2πi δ,z for δ ∈ Γ * + β 0 2 . Equation (3.3) simplifies in the case of a monochromatic holomorphic section to In particular, if h = h A,B is a multiplier at a double point A, then h is real, and we obtain only one closed Darboux transform, given by (3.2), associated with the multiplier h.
Proof of Theorem 3.6. It is shown in [3] that every Darboux transform is given by a holomorphic section α ∈ H 0 h ( H) and we have seen that h = h A,B . To compute globally defined Darboux transformsf : T 2 → R 4 with values in Euclidean 4-space, we have to find holomorphic sections α with multiplier so that the flat quaternionic connectiond = d + dfT withdα = 0 satisfiesT = 0. As before it is computationally easier to use the gauged holomorphicity condition forα = e (1 − kλ δ )e δũδ so that
By holomorphicity of α the (0, 1)-part with respect to left multiplication by i
vanishes (2.13), and thusτ with −dα = jdβ 2α + dzτα satisfies
Iff is given by a monochromatic holomorphic section thenσ = (1 − kλ δ )e δũδ is given by a single frequency δ ∈ Γ * A,B and
If A = 0 or if A = 0 and t ∈ {0, π} thenτ = 0 is a non zero constant, and we obtain the Darboux transformsf = f + e (1 + ke it )u t e B− β 0 2 e it , u t ∈ C, and we obtain the general formula for h = h 0,B .
If f : T 2 → R 4 be a Hamiltonian stationary torus with Lagrangian angle β and df = e jβ 2 dzg then the left normal of a Darboux transformf = f + e jβ 2 τ g of f can be expressed entirely in terms of τ and the Lagrangian angle β of f : Lemma 3.3 and Theorem 3.6 show that dα = −df T −1 α for some holomorphic section α ∈ H 0 h ( H) with multiplier h where T = e jβ 2 τ g. Putting ν = T −1 α this equation implies that 0 = df ∧ dν and thus * dν = −Rdν where R is the right normal of f . Therefore,
shows that the left normal off is given byN = −T RT −1 since * df = −T RT −1 df . But the right normal of f is given (2.5) by R = −g −1 ig so that we obtain
Iff is a monochromatic Darboux transform, the left normalN off turns out to be harmonic:
Theorem 3.8. Let f : T 2 → R 4 be a Hamiltonian stationary torus. Then every Darboux transform of f , which is given by a holomorphic section in H 0 h ( H) with generic multiplier h ∈ Σ, is again Hamiltonian stationary.
More precisely, if β is the Lagrangian angle of f then every monochromatic Darboux transformf : T 2 → R 4 of f has Lagrangian angleβ = β + β h where β h ∈ R is constant.
Proof. Iff is a monochromatic Darboux transform of f then Theorem 3.6 shows that τ = (τ 0 + jτ 1 )c with τ 0 , τ 1 ∈ R, c ∈ C. In this case, the equation (3.6) for the left normal N off simplifies tô
.
, j}, we can write
with β h ∈ R constant. This shows both that the left normalN of the Darboux transform f takes values in the unit circle S 3 ∩ Ci and thatN is harmonic, in other words,f is Hamiltonian stationary. Proof. From (3.6) we see that the left normalN = n 0 i + n 1 off is given by
But then (2.3) shows thatf is Lagrangian in C 2 if and only ifN ∈ S 3 ∩ Ci which is equivalent to n 1 = 0.
Given a Hamiltonian stationary torus f with Lagrangian angle β, Theorem 3.8 shows that every monochromatic Darboux transformf of f has, after reparametrization, again Lagrangian angle β. Therefore, the characterization of Hamiltonian stationary tori by there Lagrangian angle and lattice in Theorem 2.9 shows that every monochromatic Darboux transform of f is, after reparametrization, in the same family of Hamiltonian stationary tori as f . In particular:
Corollary 3.11. Let f : C/Γ → R 4 be a Hamiltonian stationary torus. If the space of global holomorphic sections has complex dimension dim C H 0 (H) = 4 then every monochromatic Darboux transform of f is, up to rotation, translation and reparametrization, f .
Examples
In this section we illustrate the previous results in the case of homogeneous tori and CastroUrbano tori. Moreover, we shall see that there are examples of Hamiltonian stationary tori which allow families of Darboux transforms which are not Lagrangian surfaces in C 2 . Each family is obtained from one of the finitely many multipliers h = h 0,B ∈ Spec with dim C H 0 ( H) > 1.
Homogeneous tori. We consider homogeneous tori
where the lattice is given by Γ =
Z, r 1 , r 2 > 0. Since the derivative of f can be written as df = 2πe πj(r 1 x−r 2 y) dz je πj(r 1 x+r 2 y) the conformal immersion f is Hamiltonian stationary with Lagrangian angle
and df = e jβ 2 dzg with g = 2πje πj(r 1 x+r 2 y) . Let us first discuss monochromatic Darboux transforms of homogeneous tori: these are given bŷ
where we obtain for A = A 0 + iA 1 = 0 by (3.2)
and for A = 0, B = β 0 2 (1 + e it ) mod lattice Γ * , by (3.4)
Sincef is conformal, we see that in both cases
so thatf is homogeneous:
Lemma 4.1. All monochromatic Darboux transforms of a homogeneous torus f are again (after rescaling and reparametrization) the homogeneous torus f .
To consider polychromatic Darboux transforms we have to discuss the points lying in the intersection D ∩ (Γ * + β 0
2 ) of the disc of radius |β 0 | and the translated dual lattice. Since this depends on the ratio of the radii r 1 and r 2 we will here only discuss the existence of polychromatic Darboux transforms and show that some of these polychromatic Darboux transforms are not Lagrangian in C 2 . We will return to the general case and the study of the geometric properties of polychromatic Darboux transforms in a future paper. (ǫ) of radius
2 ), and 
2 ) in at most two points, taken in
However each of these points is congruent modulo Γ * to one of 0, 
where u 1 , u 2 ∈ C so that
is nowhere vanishing. In particular, we see that in general Im (τ 0 τ 1 ) ≡ 0, so that Corollary 3.10 shows that the family of polychromatic Darboux transformsf given by the multiplier 
Using Theorem 2.9 we obtain a Hamiltonian stationary torus by taking holomorphic sections without multiplier, e.g.,
is a 31-Castro-Urbano torus. One easily verifies that df = e πj(3x−y) dzg with g = 4π 5 (3 + i + 3j − k)e πi(3y−x) + 3π 5 (3 + i + j + 3k)e πi(3x+y) .
By Theorem 3.11 all monochromatic Darboux transforms of f must be contained in the 
µ-Darboux transforms
The Darboux transformation is defined for all conformal (branched) immersions f : M → S 4 of a Riemann surface M into the 4-sphere. Whereas our previous discussion restricted to the case when M = T 2 is a 2-torus we will now turn to the general Darboux transformation of a Hamiltonian stationary immersion f : M → R 4 of a Riemann surface M into 4-space. In particular, we investigate the link between Darboux transforms and the [22] , [16] , we can introduce a spectral parameter µ ∈ C * so that the harmonicity of N is expressed in terms of the flatness of the family of complex connections d µ . In our formulation, we consider the trivial H-bundle as a complex C 2 -bundle (M × H, I) = M × C 2 where I is the complex structure on M × H given by right multiplication with i. Then the C * -family of flat complex connections is given [12] by
on M ×H where µ ∈ C * ⊂ Span{1, I} and a =
I. Note that by definition a 2 + b 2 = 1. Formally, the family of flat connections is the same as in Moriya's paper [19] , however our immersion is Hamiltonian in C 2 rather than in C 2 since we choose a different complex structure on R 4 . Furthermore, (2.2) shows that every parallel section α of d µ is holomorphic since dα = − Proof. We essentially follow the proof in [6] that the Gauss map of a µ-Darboux transform of a constant mean curvature surface is harmonic: From (3.6) we see that the left normal N of a Darboux transformf = f + T of f is given byN = −T RT −1 where R is the right normal of f . Now (5.2) shows RH = HN , and we obtainN = −Ť NŤ −1 , whereŤ is given by a d µ -parallel section α and (5.4). We putν = 1 2 (N α(a − 1) + αb) and compute its derivative, using a 2 + b 2 = 1, dN = (dN ) ′′ − df H and dα = −df Hν, as
Therefore, we obtain forŤ −1 =να −1 the Riccati type equation
and the derivative ofN = −Ť NŤ −1 can be computed as
The (1, 0)-part of dN with respect to the complex structureN is
where we used that (ǎ − 1)N +b = (1 −ǎ)Ť by the definition (5.4) ofŤ , and the Riccati type equation (5.5). In particular, since N is harmonic and df H = −(dN ) ′ we see from (5.6) that (dN ) ′ is closed. In other words, the left normalN of a µ-Darboux transform of f is harmonic.
We conclude the proof by showing that every conformal immersion f ♯ : M → R 4 with harmonic left normal N ♯ is constrained Willmore. From [4] and the explicit formulae for the mean curvature sphere congruence of an immersion in [5, Prop. 15] we see that f ♯ is constrained Willmore if and only if there exists η ∈ Ω 1 (H) with
where N ♯ and R ♯ are the left and right normal of f ♯ , and H ♯ is given by (dN
is a 1-form satisfying (5.7), and every branched conformal immersion with harmonic left normal is constrained Willmore. In particular, every µ-Darboux transform of a Hamiltonian Lagrangian immersion f is constrained Willmore.
In the case when M = T 2 is a 2-torus, the closed µ-Darboux transforms of a Hamiltonian stationary torus are exactly the monochromatic Darboux transforms: To obtain parallel sections of d µ we use again the gauge α = e jβ 2α , and perform a similar computation as in [19] . From d µ α = 0 we see dα = (dN ) ′Ť α and (5.1) then shows
Decomposingα =α 0 + jα 1 we get the differential equation
where we used µ = a + ib and µ −1 = a − ib. If M = T 2 is a 2-torus, the solution space of the differential equation is for each µ ∈ C * 2-dimensional: writing β(z) = 2π β 0 , z the general solution is
we see that
are holomorphic sections with multiplier
In other words, every µ ∈ C * gives two monochromatic, C-independent holomorphic sections α µ ± with multipliers h µ ± satisfying (2.18) with δ = β 0 2 , A = ±A µ , δ − B = ±C µ , and
Conversely, we see that every monochromatic holomorphic section is parallel for some d µ :
Lemma 5.3. For every monochromatic holomorphic section α there is a unique µ ∈ C * such that α is d µ -parallel.
Proof. Every monochromatic holomorphic section α ∈ H 0 h ( H) with multiplier h is given (2.18) by a complex scale of Remark 5.6. Again, we should point out that we only consider Darboux transforms closing on the original lattice.
The spectral curve
In this section we show that the multiplier spectral curve Σ of a Hamiltonian stationary torus f : T 2 → R 4 and the spectral curve Σ e of the harmonic complex structure given by f coincide: Given the C * -family of complex flat connections d µ of a harmonic complex structure J, the spectral curve of J is defined to be the normalization Σ e of the set of eigenvalues Eig = {(µ, h µ ) | there exists α ∈ Γ( H) with d µ α = 0, γ * α = αh µ γ } . of the monodromy H µ of the flat connections d µ . The eigenlines of H µ over points where H µ is diagonalizable with two different eigenvalues h µ ± extend [16] to a line bundle E over Σ e . In our situation, when J is the complex structure induced by the harmonic left normal of a Hamiltonian stationary torus, the spectral curve of J has spectral genus zero [19] : Theorem 6.1. Let f : T 2 → R 4 be a Hamiltonian stationary torus and J the harmonic complex structure on H given by left multiplication by the left normal N = e jβ i of f . Then the spectral curve Σ e of J compactifies toΣ e = CP 1 by adding points x 0 and x ∞ over µ = 0 and µ = ∞ respectively. Moreover, the map µ :Σ e → CP 1 , (µ, h µ ) → µ is a 2-fold covering over CP 1 branched over 0 and ∞, and the eigenline bundle E extends holomorphically toΣ e . Lemma 6.3. Let Σ e be the spectral curve of the harmonic complex structure J of a Hamiltonian stationary torus f , and E the eigenline bundle over Σ e . Then the complex structure J can be recovered fromΣ e and E by quaternionically extending Jϕ = ϕi, ϕ ∈ E x∞ . Moreover, the Hamiltonian stationary torus f is obtained as the limit of the Darboux transforms f x when x ∈ Σ e goes to x ∞ = µ −1 (∞) ∈Σ e .
Proof. The first statement follows from Je 
Since parallel sections are holomorphic we have a natural holomorphic map h : Eig → Spec, (µ, h µ ) → h µ .
Lemma 5.3 and Theorem 2.2 show that this map is surjective. By definition, every point x ∈ Eig 0 gives, up to complex scale, a unique monochromatic holomorphic section with multiplier h = h(x). If x,x ∈ Eig 0 with h(x) = h(x) then dim C H 0 h ( H) > 1. On the other hand, H 0 h ( H) is spanned by monochromatic holomorphic sections, and each monochromatic holomorphic section α defines by Lemma 5.3 a unique µ with d µ α = 0. In particular, for h ∈ Spec 0 , that is dim C H 0 h ( H) = 1, the preimage of h in Eig 0 is finite. Since Spec \ Spec 0 is a discrete subset in Spec this shows that h| Eig 0 is injective away from a discrete set, and thus h : Eig → Spec is also injective away from a discrete set since Eig 0 = Eig \ Eig 0 is finite. Therefore, the induced map h : Σ e → Σ on the normalizations of Eig and Spec respectively is biholomorphic.
Theorem 6.4. The multiplier spectral curve Σ of a Hamiltonian stationary torus f : T 2 → R 4 and the eigenline spectral curve Σ e of the harmonic left normal N of f are biholomorphic. In particular, the multiplier spectral curve compactifies toΣ = CP 1 .
Moreover, the kernel bundle L of f and the eigenline bundle E of N coincide, and the spectral curve Σ parametrizes a CP 1 -family of Hamiltonian stationary tori isospectral to f . 
